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abstract
This study constructs a variety-expansion growth model that integrates basic
research to analytically examine growth cycles. We show that the equilibrium
path can exhibit two-period cycles through the interplay between applied and
basic research. In addition, we explore the effects of change in basic research
spending and applied research subsidy. Under certain conditions, the steady-state
growth rate increases when basic research spending or applied research subsidy
increases. However, the effects on the possibility of cyclical instability differ
by applied and basic research policies. An increase in basic research spending
reduces the possibility of cyclical instability, while an increase in applied research

subsidy raises the possibility of cyclical instability.

1. Introduction

It is widely known that the long-run growth of developed countries is
fluctuating, and a number of studies have investigated the existence of endogenous
cycles from various perspectives using R&D-based models.” However, few studies

focus on the linkage between basic research and economic fluctuation. Empirical
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1) See Shleifer (1986), Gale (1996), Deissenberg and Nyssen (1998), Francois and Shi (1999),
Freeman et al. (1999), Matsuyama (1999), Francois and Lloyd-Ellis (2003, 2008, 2009), and
Wilde (2005).
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studies argue that basic research contributes to the development of the economy
(Griliches, 1986 ; Jaffe, 1989 ; Mansfield, 1998 ; Cohen et al., 2002) and the
theoretical implications of basic research policy have been considered through
various macroeconomic viewpoints.”  Thus, it is important to consider the existence
of endogenous cycles within a R&D-based model that integrates basic research.

The present study theoretically examines the role of basic research in growth
cycles. To do this, we incorporate basic research into a variety-expansion model
following Grossman and Helpman (1991). In our model, basic research generates
ideas, whereas applied research commercializes them by transforming them into
blueprints for new varieties of consumption goods. These two research sectors
interplay through knowledge spillovers. Further, we assume that basic research is
publicly funded —and thus, that the government can control the level of basic
research. According to Table 2 in Gersbach et al. (2013), which summarizes 2009
data from a selection of 15 countries, the average share of basic research that was
financed by governments and higher educational institutions was 77.39% ; that is,
basic research is mainly funded by the government and conducted at universities or
other public research institutions. In addition, on an average, 76.62% of applied
research was financed by business enterprises and private non-profit institutions ;
that is, applied research is primarily performed by private firms motivated by their
own benefits.

We show that the equilibrium path can exhibit two-period cycles through the
interplay between applied and basic research. The key driving force that gives rise

to cycles is the knowledge spillovers between applied and basic research. In our

2) Cozzi and Galli (2009, 2013, 2014), Chu et al. (2012), and Chu and Furukawa (2013)
analyze the profit-division rules between applied and basic research. Park (1998), Gersbach et
al. (2018), and Konishi (2018) consider the policy implications of basic research spending
financed by the government. Gersbach et al. (2013) and Gersbach and Schneider (2015)
examine the interaction between investment in basic research and open-economy issues.
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model, because there is a one-to-one relationship between ideas and potential
blueprints, we assume that the applied research sector’s knowledge spillover
from basic research is derived from the ideas awaiting commercialization. If
commercialization in the applied research sector is much larger than the creation of
ideas in the basic research sector, the applied research sector’s knowledge spillover
from basic research decreases in the next period. This decreases the growth in the
number of differentiated goods. Further, larger commercialization in the applied
research sector increases the basic research sector’s knowledge spillover from applied
research, and consequently, there is increased growth in the number of ideas that
have been generated through basic research. Owing to these interactions, the
presence of knowledge spillovers between applied and basic research can lead to
perpetual economic fluctuation.

Furthermore, we investigate the effects of change in basic research spending
and applied research subsidy. Under some assumptions, the steady-state growth
rate increases when basic research spending or applied research subsidy increases.
However, these two policies differ in their effects on the possibility of cyclical
instability. An increase in basic research spending reduces the possibility of
cyclical instability, while an increase in applied research subsidy raises the
possibility of cyclical instability.

The present study is closely related to Growiec and Schumacher (2013). They
build an R&D-based model where radical innovation (viewed as basic research)
creates technological opportunity and incremental innovation (viewed as applied
research) raises the differentiated goods but reduces technological opportunity. In
this set-up, they obtain the possibility of oscillatory dynamics for a large variety of
parameter values. However, they do not investigate the effects of basic research
spending and applied research subsidy. This study is also related to Li (2001),

who presents a model in which technological research (viewed as applied research)
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increases the differentiated goods and scientific research (viewed as basic research)
accelerates technological progress. In his model, growth cycles occur because of
the assumption that scientific breakthroughs arrive in discrete jumps. Therefore,
the effects of change in government policy on the possibility of cyclical instability
cannot be analyzed.

Other related studies (Aloi and Lasselle, 2007 ; Haruyama, 2009; Li and
Zhang, 2014) examine the effects of applied research subsidy on the possibility of
cyclical instability. Haruyama (2009) shows that cycles can arise in the standard
R&D-based model of Grossman and Helpman (1991) and that optimal applied
research subsidy fails to eliminate cycles. Aloi and Lasselle (2007) and Li and
Zhang (2014) show that applied research subsidy can stabilize innovation cycles
and increase welfare using the Matsuyama (1999) model. However, these studies
do not consider the role of basic research.

The rest of this paper is organized as follows. Section 2 establishes the model
used in this study. Section 3 derives the equilibrium dynamics of the economy and
analyzes how the policy affects the steady-state growth rate and the possibility of
cyclical instability. Section 4 presents the numerical examples. Finally, Section 5

concludes the paper.
2. Model

We apply Grossman and Helpman’s (1991) concept of variety expansion
to a two-period overlapping-generations model following Diamond (1965). An
individual lives for two periods. A cohort born in period ¢ is called generation f.
Therefore, there exist two generations in period ¢ ; that is, generation ¢ (the young
generation) and generation #—1 (the old generation). In each period, the size
of the newly born cohort is given by one. Each individual supplies one unit of

skilled labor and L units of unskilled labor inelastically in their young period and
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retires in the old period. The factor market is perfectly competitive, and the
goods market is monopolistically competitive, as explained below. Individuals have

perfect foresight.

2.1. Consumers

Each consumer born at period ¢ maximizes utility,
Ui =log Cr. ¢+ +po log Co, 141

where o €(0, 1) is the subjective discount factor, Ci,: is the consumption when
young, and C: (1 is the consumption when old. The budget constraint is as

follows :
E1,5+St:(1—ft)(wf+w,“[4) and Eo 11 =(1+7:1)S:,

where E1 ; and E» /1 represent the consumption expenditures of the young as well
as the old agents of generation ¢ at times ¢ and 7+ 1, respectively, and S: is the
saving in youth. Let w}, w/, and 7:+1 be the wage rate for skilled labor, the wage
rate for unskilled labor, and the interest rate. We assume that in each period, the
government runs a balanced budget, where it finances its spending with taxes t:
levied on the wage incomes of the young generation, as explained below. We

specify the subutility function C; (i =1, 2) as

c,»_[:MA' c,»_[(;'f?dj};l, (1)

where C;  (7) is the consumption of good j of the young or old agent at time t and
A: is the number of differentiated goods. We assume that € > 1. ¢ denotes the
elasticity of substitution between any two products. By maximizing the subutility

function C; ; subject to the budget constraint E; : =/ p: (j) ¢« () dj, we obtain the
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demand function for good j as follows :

pi(j)°Ei, 2)

Ci,l(]):my

where p:(j) is the price of good j. Substituting demand function (2) into (1)

yields

where Pp, ; is the price index defined as

1

At 1—¢
PD,t:[/U. pt(j)l’fdj]l .

By solving the intertemporal utility maximization, the saving function of each
consumer becomes

St:(l_rt)ﬁ(wf“rwﬁl/). (3)

In addition, the total demand for good j can be given by

N p: (j)iEEt (4>
Ct(]) prf(k)lfedky
where Et = E1 + + E» + is the total expenditure at time . Following Grossman and

Helpman (1991), we normalize the total expenditure at unity, and thus, E: = 1.

2.2. Production
We assume that each differentiated good that has been created by applied
research is produced by a single firm because the good is infinitely protected by a

patent. We further assume that the production function of good ; is the following
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Cobb-Douglas form :
x ()= alls (HIPT(DI, ac>0 and 0<€(0, 1),

where x: () is the output of good j, ar is the productivity of production, @ is the
intensity of skilled labor in production, and /7 (7) and [/ (j) denote the amount of
skilled and unskilled labor devoted to producing good ;. From cost minimization,

the unit cost function z(w;, w}) is
2wf, W)= a0~ (1-0) (we ) (i ), ©)

Applying Shephard’s lemma, we obtain demand functions for skilled and unskilled

labor as follows :

1 ()= 02 M ), ®)
()= (1) 2 ), ™

The firm manufacturing good j (firm ;) maximizes its profit :
we(7)=pe (F)xe (7)—2z(wi, wi)xe (7).

Then, firm j charges the following price :

pi(j)=pe =—gz(wi, wi'). (8)

Therefore, all goods are priced equally. Pricing rules (8) and (4) yield

N e—1 1
xe(f)=x = e 20w WA 9)

Then, the monopoly profits of a firm are as follows :
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m(j)=m =i
2.3. Basic and applied research

Following Chu and Furukawa (2013) and Gersbach et al. (2018), we assume
that basic research generates ideas, whereas applied research commercializes them
by transforming them into blueprints for new differentiated goods. Each research
activity requires skilled labor input. We assume the following basic research

technology :
Bt+1_B[ ZGBFB (At, Bt)LB,z, (10)

where B, Lp ¢, as, and Fp (A:, B:) represent the measure of ideas that have been
generated through basic research, the amount of skilled labor devoted to basic
research, the productivity of basic research, and the knowledge spillover function
in the basic research sector, respectively. Basic research productivity depends on
both basic and applied research. As discussed in Gersbach et al. (2018), basic
researchers benefit from applied research (e. g., discovering unresolved research
problems, disclosing potentially new areas of science, and applying novel
instrumentation and methodologies). Therefore, the productivity of basic research
increases when applied research progresses.

Next, we consider applied research activities. Applied researchers commercialize
the ideas generated by basic research. Further, the commercialization turns ideas
into blueprints for new differentiated goods; that is, A: increases. Denote
Wi = B: —A: as the pool of ideas awaiting commercialization. When an applied

qt
asFa (A, Wi)

the idea j with probability ¢g:. Since time is discrete, duplication, that is, different

researcher invests units of skilled labor, he/she can commercialize

applied researchers simultaneously succeeding in innovation, is possible. To avoid
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this complication, we assume a single innovator that engages in the commercialization
of each idea. In this set-up, the aggregate level of expansion in the differentiated

goods is as follows :
At+1*At :tht :dAFA (At, Wt)LA,t, <11>

where La ¢, aa, and Fa (A:, W:) represent the amount of skilled labor devoted to
applied research, the productivity of applied research, and the knowledge spillover
function in the applied research sector, respectively. Note that the applied research
sector’s knowledge spillover from basic research is not B: but W:. In this study,
the knowledge generated by basic research is divided into two parts:
the commercialized ideas and the ideas awaiting commercialization. Because there
is a one-to-one relationship between ideas and potential blueprints, the knowledge
derived from the commercialized ideas overlaps with the knowledge derived from
the applied research, A:. Hence, we assume that the applied research sector’s
knowledge spillover from basic research is derived from the ideas awaiting
commercialization, Wi.

The applied research sector is assumed to be competitive, and the free entry

condition is as follows :

_ (1—s4 )wf
asFa (A, Wi)

Ut

if A1 —Ar >0, (12>

where sa €[0, 1] is subsidy for applied research. We assume that the subsidy rate
sa is held constant over time. Next, we consider a no-arbitrage condition. The
expected returns on the stocks equate to the risk-free interest in the financial market.
The shareholders of the stocks earn dividends 7:+1 and capital gains vi+1—v:. We
assume that the shareholders hold a well-diversified portfolio of shares of innovators.

Under this assumption, the shareholders can earn a safe return by holding this
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portfolio, because the risks involved with any particular innovator are idiosyncratic.

Therefore, we obtain the following no-arbitrage condition :

V410t = 41+ Vp+1 — Ut

2.4. Government
Basic research and subsidy for applied research are financed by the wage
income taxes of the young generation, and the government runs a balanced budget

in each period. That is, the government budget constraint becomes
o(wi+wlL)=wiLe + +sawLa, ;. (13)

For simplicity, we assume that the government keeps the number of public
researchers constant (i.e., Ls + = Lp) and that the tax rate = is determined to

satisfy the government budget constraint.

2.5. Market-clearing condition
We consider the labor-market conditions. Skilled labor is used for production,
applied research, and the employment of public researchers. The market-clearing

condition for skilled labor becomes
Al +La ¢ +Lp = 1. (14)
The market-clearing condition for unskilled labor is
Al = L. (15)

Finally, we consider the equilibrium condition of the financial markets. The total
savings of young agents in period ¢ must be used for the investment or for the

purchase of the existing stocks. Hence, the saving function (3) implies the
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following asset market equilibrium condition :

(1—w) (w; +wrL)=(1—sa)wiLa + +Asv:. (16)

_o
o+1
3. Equilibrium

3.1. Dynamic system
We characterize the equilibrium paths in this economy. For analytical
tractability, the spillover functions Fu (Ar, Wi) and Fp (A/, B:) are assumed to

have the Cobb-Douglas forms as follows :
Fa(Ai, Wi)= ASWrE < and Fp(A:, B )= A,'@Btliﬂ.

By using (7) and (9), the market-clearing condition for unskilled labor (15)

becomes
1-6 —1
W = :%. (17)
In addition, (6) and (9) yield
Adg =g€=1 1 (18)
e w;

By using (12), (13), (14), (16), (17), and (18), we obtain

e—11 (1—sa)lp+1)

e w o+(1—s4)0

T e )1} 19)

o+1 ars \1—A

where Ar = % From (14), (18), and (19), the amount of skilled labor devoted
t

to applied research is as follows :
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1-a
Lglet-ns s llex e (L) } (20)

Lat :,O-i-(l—s,q)ﬁ

aa 1-A

From (14), the growth in the differentiated goods is as follows :

1—a
gr =AmAi_ g, ( 1 Aff) Lo (21)

Similarly, (10) yields

gtB = % = dllei/i,;ﬁ. (22>

t

Note that the entity enclosed in the curly brackets of (20) is non-positive if the
applied research is not undertaken. Hence, the condition that the applied research

is not conducted is as follows :

1-A\"_ (1=sa)(0+1)8
<=2 r 7 23
< A ) pas (1—Lg) =)
Let us define A by (23) when it holds with equality. Since the left-hand side of
(23) is decreasing in Ar, A > A implies that Ls ; = 0. Therefore, by using (20),
(21), (22), and the definition of A:, the dynamics of A: are expressed as

pas (1-Ls)Af(1=2)"“+p[1—(1-s4)0]A _ . A
Are1 = [P+(1—SA)6’](1+L23LB/W) _(D(At) lf o </1y <24>
=g (A) if A=A

'
1+dHLHA,ﬂ

The equilibrium dynamics of this economy can be described by A:.

3.2. Steady state and Equilibrium path
In this subsection, we investigate the steady state and the equilibrium path.

Asterisks represent variables in the steady state. Under the Cobb-Douglas
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specifications of Fa (A:, Wi) and K(A:, B:), A* =0 can be the steady state.
However, we show in Appendix A that A* =0 is unstable. We then consider the
non-trivial steady state, which is determined as A1 =4+ =A">0. In the non-
trivial steady state, A* = ® (A*) holds because the definition of A: and (22) imply
that g/ =g” =g* and g* >0 as long as Ly >0. Therefore, from (24), the
equation that determines the steady-state value is as follows :

1-A

[P+(1*SA)0][1+a1;Ln(/1‘)’9]=paA(17L1;)<T>17H+P[1*(175A)9]- (25)

We define the left-hand side of (25) as X. (A*) and the right-hand side of (25) as
Xk (A*). The property of X, (A*) and Xz (A*) is as follows :

XZ(A*):B[‘O"I‘(I_SA V0 lapLs (A7) 1> 0,
Xp(A)==(1—a)paa (1—=Ly )(1—=27)"“(2)¥ <0,
lim X, (A7) < lim Xz (A7),

AT =0 AT =0
Alim XL(/‘*)>AHIT1 Xe (A7)
o1 o1

Thus, we confirm that there is a unique non-trivial steady state.
Next, we examine the dynamic system (24). As shown in Appendix A, we

obtain the following lemma :

Lemma 1. ®(A) is unimodal if 0<Lp <05, 005<a<09, >4, a+p<1,

and as = ag.

In this study, because of the one-to-one relationship between ideas and potential
blueprints, 0 < A+ <1 certainly holds. Therefore, to ensure that 0 <A <1, we
impose ® (1)< 1, where A represents the value that maximizes ®(A), that is,

®'(A)=0 holds. With regard to the local stability, we obtain the following

proposition (see Appendix B for details) :
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Proposition 1. Let us define

_20+(1—s4)0(1-p)
B 1—Lg

par(a—2") (1=-B)lo+(1—s4a)8lasLs (/1*)'?.

ra) GO (1=a) - Ly

1. IfT(A*)>0, the steady state is locally stable.

2. IfT(A*)<0, the steady state is locally unstable.

From the aforementioned discussion, we can depict the dynamics of A: in Figure 1.
The left-hand side of Figure 1 corresponds to the case when the steady state is
stable, which shows that the equilibrium path is monotonic or fluctuating. The
right-hand side of Figure 1 corresponds to the case where the steady state is
unstable, which shows that periodical cycles can emerge. We consider the

mechanism of these cycles in Subsection 3. 4.

3. 3. Effects of policy change
We now examine the effects of changes in policy variables on the steady-state

growth and the local stability. From (20), (21), and (22), the steady-state

A+ ! Arv1 :
: O ()
() frmmmmmmmmmmmem s S . ;
’ H I‘ 3 |\l
- I o b L |':

: A:: A - H :A: A
0 A Al 0 o

Figure 1 : The dynamics of A:.
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growth rate is as follows :

. 0 T—a\'e B *
I ‘m“““%ﬂﬁ—,) —[1—(1—sA)e]]—aBLB(/1 ¥ (26)

Taking the total differentials of (25) yields

[o+(1=s4)0las (2")" +paa 1_xA* -
v _ < A ) <o (27)

dLs B[(H—(I—SA)(9]03113(/1‘)3’14-(1—0’)10&/1(l—LH)(}iz)a

By using (27), we differentiate (26) with respect to Lz as follows :

dg” _ pasap ()P (1-A" ) [=BLs (1-A")+(1-a)(1—Ls)]

dL ) a -
! B[p+(1—sA)6]asLB(A*)‘g’l+(1—a)paA(1—LB)%
The sign of is determined by the entity enclosed in the curly brackets of the

dLB

numerator. Lemma 1’s assumption that 0<Lp <0.5 and a+f<1 yields

Ly <1—Lg and Bél—a, and thus, ALz (1—A")<(1—a)(1—Lp) holds.

Therefore, we obtain

dL > (. That is, an increase in Lp raises the steady-state
B
growth rate.”

Similarly, we investigate the effects of changes in sa on the steady-state

growth. Taking the total differentials of (25) yields

3) In this study, an increase in Lz crowds out the labor input into applied research. The result

of ;{g >( is derived from the restriction of Lp €(0, 0.5). However, if the government
increases Lp further, d—< 0 holds. That is, the relationship between the steady-state growth

dLs
rate and Lz follows an inverted U-shape, and the steady-state growth-maximizing level of Lz
exists. This result is similar to that of Park (1998), Gersbach et al. (2018), and Konishi
(2018).
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dA* _ Olo+1+apsls (1°)"]
dsa Blo+(1—sa)0]asLls (A*)" '+(1—a)pas (1—Lg)

>0. (28)

By using (28), we differentiate (26) with respect to s as follows :

dg* _ \s-1dA"
ds —Bd/;Llf(A ) dsi > 0.

Hence, a rise in sa increases the steady-state growth rate.
Next, we examine the effects of changes in Ls on the local stability. From

Proposition 1, differentiating I (A*) with respect to Lz yields

dla” _20+(1-s4)0(1=p)  a(l1-a)(A")"* di*
dLs (1—Ln )? PO IZ )T dLs
+(1*3)[P+(173A)tﬂau(ﬁ*)ﬁfl ,1*+,8L13(17L,3)d/1*

(1-Lgp)? dLs |’

In the above equation, the first and second terms are positive. The sign of the third
term is determined by the entity enclosed in square brackets. By using (27), we
obtain

dr*
dLg

Blo+(1—=sa)8lasLi(A*)?+pas(1—Lg)

A*+BLs (1—Lg)

A=) )= s (1-27)]

(1-a°)
(/1#)27&

B[p+(1*SA )(9]a;;LB (A‘)ﬁ’1+(lfa/)pa/1 (I*LH)

Analogous to the result of the steady-state growth rate, ¢ +8 <1 implies that

dr (A7)
dLg

Proposition 1, an increase in Lp stabilizes the balanced growth path.

BLp (1—2*)>0 holds. Therefore, we obtain > (). From this result and

Similarly, we investigate the effects of changes in sa on the local stability.

We differentiate I' (A1*) with respect to sa as follows :
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araz: — 4(1-p) u a(l1—a)(A*)** da~
dsa  1-Lpy M (=i dsa
(1—,8)6213]43(&*)’371

. ar
- - {9/1 +5[p+(1—sA)e]dSA}.

The first and second terms are negative. The sign of the third term is determined

by the entity enclosed in square brackets. By using (28), we obtain

9,1*+,3[p+(1—sﬁ)0]%

(1—a)paa (1—Lg)
=0

(29)

Blo+(1—s1)0)asLs (A° )1 +(1—a)pas (1—LB)%

As shown in Appendix C, the condition that the numerator is positive is expressed

as follows :
a >Mw(l—ml’“ (30)
(I-a)e
. . — dr(2+) .
Hence, a sufficiently high a1 implies that “ds < 0 holds. From this result and
A

Proposition 1, a rise in sa destabilizes the balanced growth path. In summary, we

can state the following proposition :

Proposition 2. Suppose that 0 < Ls < 0.5, e+ <1, and a4 > W(u (1—a)t e
“a)p

1. An increase in Lp increases both the steady-state growth rate and the possibility of
cyclical instability.
2. An increase in sa increases the steady-state growth rate and reduces the possibility of

cyclical instability.
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Proposition 2 implies that basic research spending and subsidy for applied research
raise the steady-state growth rate under certain conditions. However, these two
policies have different effects on the local stability. That is, an increase in basic
research investment stabilizes the economy, while an increase in subsidy for applied
research destabilize the economy. We discuss the mechanism of cycles in the

following subsection.

3. 4. Mechanism of cycles

Next, we consider the mechanism of cycles. By using (19) and (20), when
Ar is relatively higher, both the wage rate for skilled labor W/ and the amount of
skilled labor devoted to applied research La : are lower. The reasoning is as
follows. From the definition of A+ and W:, as A: increases, the pool of ideas
awaiting commercialization W: decreases, and thus, the knowledge spillover in the
applied research sector also decreases. Because the productivity of applied research
decreases, the demand for skilled labor in the applied research sector reduces, and
consequently, the wage rate for skilled labor also decreases. From (5) and (8), a
reduction in the wage rate for skilled labor decreases good prices, thus increasing
their demand and reallocating skilled labor from applied research to the production
of goods. Therefore, a higher A+ implies that the growth in the number of
differentiated goods g7 is lower, as shown in (21). 1In the basic research sector,
on the other hand, the knowledge spillover from applied research is larger when A:
is relatively higher. Hence, there is increased growth in the number of ideas that
have been generated through basic research gZ, as shown in (22). From these
results, a lower g/ and a higher g? reduce A:+1. When the reduction in As+1 is
sufficiently large, the low value of A:+1 in turn accelerates applied research and
hinders basic research. Therefore, g7, is higher and g7, is lower, thus increasing

Ar+2. This process occurs repeatedly along the equilibrium path, and thus, two-
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period cycles emerge.
4. Numerical example

To demonstrate the equilibrium path more clearly, we employ a numerical
example. First, we show the effect of Lz. We choose the following parameters :
=06, =04, as =4.5, ap =15, p=0.25, § =0.3, and sa =0.2. Figure 2
represents the bifurcation diagram for Lz and shows the emergence of two-period
cycles depending on the values of Ls. The vertical axis shows the value of
A (0< A+ <1) and the horizontal axis shows the value of Ly (0.1 <L <0.3).
When L; is sufficiently large, a unique limit point exists. When Lp decreases, two
-period cycles and endogenous fluctuations are observed. In addition, Figures 3
(a) and (b) depict the dynamics of A:. Figure 3 (a) corresponds to the case in
which Lz = 0.2 ; this shows that the steady state is unstable and that two-period
cycles emerge. Figure 3 (b) corresponds to the case in which Lz = 0.21 ; this

shows that the steady state is stable and that the equilibrium path fluctuates.

Figure 2 : The bifurcation diagram for Lp
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(a) Ly =02 (b) Lg =0.21

Figure 3 : The dynamics of A; for each value of Lp

Next, we show the effect of sa. We choose the following parameters :
=06, =04, as =45, ap = 1.5, p=0.25, § =0.3, and Lz =0.2. Figure 4
represents the bifurcation diagram for sa and shows the emergence of two-period
cycles depending on the values of sa. The vertical axis shows the value of

A(0< A <1) and the horizontal axis shows the value of sa(0<ss <0.4).

Figure 4 : The bifurcation diagram for sa



Basic Research Spending, Applied Research Subsidy, and Growth Cycles 51

(a) sa=0.17 (b) s4a=0.19

Figure 5: The dynamics of A; for each value of sa

When s4 is sufficiently small, a unique limit point exists. When $4 increases, two-
period cycles and endogenous fluctuations are observed. In addition, Figures 5 (a)
and (b) depict the dynamics of A. Figure 5 (a) corresponds to the case in which
sa = 0.17 ; this shows that the steady state is stable and that the equilibrium path
fluctuates. Figure 5 (b) corresponds to the case in which sa = 0.19 ; this shows

that the steady state is unstable and that two-period cycles emerge.
5. Conclusion

In this study, we developed a variety-expansion growth model that integrated
the applied and basic research sectors to examine growth cycles. We show that the
equilibrium path can exhibit two-period cycles through the interplay between applied
and basic research. In addition, we explore the effects of change in basic research
spending and applied research subsidy. The steady-state growth rate increases when
basic research spending or applied research subsidy increases. However, the effects
on the possibility of cyclical instability differ by these two policies. An increase in
basic research spending reduces the possibility of cyclical instability, while an

increase in applied research subsidy raises the possibility of cyclical instability.
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Appendix

A. Proof of Lemma 1

Differentiating ® (A) with respect to 4 yields

L A(A)
@ (/1)_[p+(1*SA)t9](1+aHLBA’8)2’ (a.1)
Where
A(A)= paa (1—L3)ﬁ+0[1—(1—m V01 1+(1=8)apLpA?]
+paAaBLg(1—LB)%[a—,@—(l—ﬁ)ﬂ-

We differentiate A (A) with respect to A as follows :

1-a)aa(1-Ls)
(17/1)a+1

A’(A):p/l“{a( B(1=B)[1=(1—s4)0]asLsa«*

a+p—1
tearasLy (1-Ly) ({5 lla=Bla+h=1)-8(1-4)A].
The second term’s entity within curly brackets is negative if ¢ >4 and a+8 < 1.

Then, the condition that the first term’s square bracket is as follows :
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aa B(I*B) Ly l—a+ _ 3y\a+tl
E>m[1*(1*SA)9]mA ‘9(1 /1) . <A2)

Let us define ¢(A)=A"""#(1-2)“"". Differentiating ¢(A) with respect to A

yields
6 ()= a8 (1-2)[1—a+B—(2+8)].
A=12@HB lies that ¢/(A)Z0 holds, and thus, A — 1215

2+8 2+8
¢(A). From Lp €(0, 0.5], sa €[0, 1), and this result, the sufficient condition

maximizes

of (A.2) is as follows :

a B(lfﬁ) 1*&"%3 l1—a+8 1+a a+1_
ﬁ>a(1—a)< 2+8 ) <2+,8> =Ala, 8). (A.3)

Figure A.1 illustrates the combinations of @ and A that maximize A(a, 8). By
using this result, we can depict the relation between @ and the maximum value of
A(a, B) as shown in Figure A. 2. From Figure A. 2, A(a, £) is lower than one if
@ <[0.05, 0.9]. That is, the sufficient condition of (A.3) is that 0.05<a < 0.9
and a4 =ap. In summary, A’(A)<0 holds if we assume that 0 < Lp <0.5,
005<e<09,a=8, a+B <1, and ax = as. Moreover, we investigate the value

of A(A) atA —> 0 and 2 — 1 as follows :

AlimOA(/l):Jroo and AlimlA(A):foo (A. 4)

Hence, there is A which satisfies A (1)=0 and A (0, 1). Because A = A implies
A(A) Z0, we obtain ®' (1) Z0 when A =1. In addition, from (A.1) and
(A.4), }in}, ®'(A)=+0co holds, and thus, the steady-state A*=0 is surely

unstable.
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Figure A.1: The combinations of ¢ and 3 that maximize A (e, 3)
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Figure A. 2 : The relation between & and the maximum value of A (a, )

We then consider the dynamic system when the applied research is not

conducted. From (24), differentiating W (1) with respect to A yields

_ 1+(1—,6’)a3LB/1/”

¥r(4) (1+apLsA?)?
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Thus, 0 <W¥’'(A)< 1 holds. By using (24), the properties of ® (A1) and ¥ (1) we

obtain

_ _ o(1-6)
®(0)=0 and (D(l)_(p+0)(l+a3LB)’ (A.5)
w(0)=0 and ‘P(l):#m. (A.6)

(A.5) and (A.6) imply that ®(1)<W¥ (1) holds. Therefore, we confirm that the

unique intersection of ® (A1) and W (1) is in the region where 0 < A< 1.

B. Proof of Proposition 1
By using (A. 1) and (25), we obtain

(lfa')aA(lfLH)<1,,1*> BasLs (A°)*

O A = L A (1A ) 41— (1=s: 014" 1+asls (A)7"

Therefore, ®'(A7)< 1 holds. If ®'(A")< —1, the steady state is locally unstable.
On the other hand, if ®'(A*)> —1, the steady state is locally stable. From (A. 1)

and (25), we rearrange ®'(A*)< —1 as follows :

):2p+(1—s,1)19(1—p)‘ pas(a—1")  (1=-B)lo+(1=s4)0lasLs (A*)*

T'(A")= } } R
(4 1Ly ) (1=A") 1Ly <0

In contrast, ®'(A*)> —1 holds if T (A1*)> 0.

C. Derivation of the condition of (30)

dA*
dsa

By using (29), the condition of A" +8[0+(1—s4)6] > () is as follows :

Blo+(1—s4)0]1(p+1)

(—a)p(=L,) A =4 (1)

aa >
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Let us define ¢(A)=A'"¢(1—42)*. Differentiating ¢ (A1) with respect to A yields
o' (A)=2"(1-2)"(1—a-21).

A=1-—a implies that ¢'(A)=0 holds, and thus, A=1—a maximizes ¢(A1).
From Lz €(0, 0.5], sa €[0, 1), and this result, the sufficient condition of (C. 1)

is as follows :

26(p+6)(p+1)

1—alp a“(l—a)t .

aa >
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